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of the nature of the glassy state. 
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Appendix 
A derivation of eq 6 is given here. The natural choice 

for the reference volume u ,  to be used in eq 4, would be 
a sphere, within which the form factor equals unity and 
without which it equals zero. The Fourier transform of 
such a form factor decays slowly with increasing s (ap- 
proximately as s-~). As a result the integral in eq 4, with 
I (s )  given by eq 5, diverges. The divergence can, of course, 
be avoided if we use a realistic I ( s )  for larger s, since eq 
5 obviously grossly overestimates the true scattered in- 
tensity a t  large s. An alternate, approximate method is 
to use a form factor that does not drop abruptly from unity 
to zero at  its boundaries. We adopt the following form 
factor: 

C(r) = 23/2 exp(-l/r2/02) (AI) 
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Its volume is given by 

u = JC(r)(47rr2) dr  = (27r1/2u)3 (A2) 

and its Fourier transform by 

@(s) = exp(-2a202s2) (A3) 

The normalization constant 23/2 for C(r) is given by the 
requirement that  

( l / ~ ) J @ ~ ( s ) ( 4 7 r s ~ )  ds = 1 

Substitution of (A3) and (5) into eq 4 then leads to eq 6 
shown. 
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ABSTRACT: Using a very sensitive Nanopar resistive pulse analyzer, we have been able to  determine the 
temporal evolution of the cluster size distributions produced by bivalent antibodies cross-linking 0.235-pm 
polystyrene spheres coated with antigen. If X ,  is the mole fraction of clusters containing n spheres and X o  
the mole fraction of spheres initially added, then it is found that the cluster size distributions are determined 
solely by the bonding parameter b = 1 - XXJX, , ,  We report here the dependence of b upon the time t ,  the 
cross-linking antibody concentration [able, and Xo,  the sphere concentration. We have compared these results 
for b( t )  and our previously reported form of the cluster size distribution X , / X ,  = (1 - b)(be-b)n-l/bn! with 
extant statistical and kinetic theories. 

Introduction 
The formation of a distribution of various size clusters 

through the interaction between initially distinct units is 
a central feature of widely diverse processes in chemistry, 
biology, and physics. Examples of these me polymerization 
processes in organic chemistry, antibody-antigen binding 
in immunology, coagulation processes in aerosol and col- 
loidal physics, phase transitions in disordered magnetic 
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spin systems, and percolation processes in statistical 
physics. 

Two viewpoints have been taken to describe the tem- 
poral evolution of the cluster size distributions. In the first, 
the temporally evolving distributions are described by 
means of a set of coupled differential equations: the 
Smoluchowski equations,’ whose coefficients, the bimole- 
cular reaction rate coefficients a,,,, depend upon the 
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number of units (n and n?  in each pair of interacting 
clusters. These equations have been solved for a number 
of mathematical forms for the dependence of ann' upon n 
and n'.2-7 In the second point of view the distribution at  
each instant of time is assumed to be the one statistically 
most probably consistent with a given probability or degree 
of reaction ( Y . ~ , ~  A recent review of equilibrium and kinetic 
theories of the cluster size distributions has been pub- 
l i ~ h e d . ~  

Despite the substantial theoretical literature there has 
been a lamentable paucity of experimental data on the 
form and temporal evolution of the cluster size distribu- 
tions. This no doubt has been due to the experimental 
difficulties associated with the detection of clusters of small 
organic molecules in the case of polymerization reactions. 
We have recently reportedlo measurements of the form of 
the cluster size distributions for a condensing system that 
in the organic polymer notation contains units of the form 
RAf and Bz. Here the RAf unit contains f functional A 
units, each of which can bind to one of the two B sites on 
each Bz unit. No AA or BB bonds can be formed. In our 
experiments the RAf units are latex spheres (diameter 
0.235 pm) covalently coated with the antigens human se- 
rum albumin (hSA), which act as the A sites. The B2 units 
are complementary bivalent antibodies (goat anti human 
serum albumin). The size distributions were measured 
with a resistive pulse particle counter developed by De 
Blois and Bean." This method when applied to the sub- 
micron condensing units had the following unique ad- 
vantages. (1) Individual clusters could be studied without 
disturbing the reaction kinetics. (2) The high antigenic 
valency of the reacting units (f - lo3) permits the use of 
very small concentrations of RAf and B, units, with a 
consequent slow progression of the reaction. 

Indeed, the time constants for the reaction were long, 
of the order of 100 min, while the time required to obtain 
an experimental histogram of the distribution was only 
about 3 min. As a result the experimentally obtained 
distributions can be regarded as essentially instantaneous 
in comparison with the time course of the reaction. 

In our previous paperlo it was found that the experi- 
mental cluster size distributions are functions of a single 
bonding parameter b and that the distribution is well 
represented by the expression 

Xn 1 - b  n"-l - -  - -(be+)"- xo b n! 
Here X ,  is the mole fraction of clusters, each of which 
contains n spheres. X o  is the mole fraction of monomeric 
spheres initially placed in solution. b was obtained ex- 
perimentally as 

5 X ,  
,=l 

XO 

If the clusters are Cayley trees, i.e., if there are no cyclic 
structures, an n-mer contains n - 1 bonds between spheres. 
Thus, b corresponds to the mean number of bridge-forming 
B2 units in all the clusters per sphere initially added. 

In this work we shall present a systematic investigation 
of the temporal evolution of the parameter b as a function 
of the concentration [C,] of latex spheres (RAf units) and 
the concentration [able of antibodies (B2 units) initially 
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placed in solution. The information presented here and 
in the previous papers1°J2 taken together characterizes the 
kinetic evolution of this R A r B Z  system and serves as a 
means of testing the basic statlstical and kinetic theories.2+ 

Materials and Methods 
(a) Materials. Carboxylated Dow latex spheres of 0.235-pm 

diameter, to which human serum albumin (hSA) had been coupled 
covalently by a carbodiimide reaction, were kindly provided by 
Dr. Hans Hager of the Hoffmann-La Roche Co., Nutley, NJ. The 
stock solution provided was processed to remove latex sphere 
aggregates present prior to  the addition of antibody. This was 
done by the method described previously.10 It  resulted in a 
decrease of the nonspecific aggregates from -25% to less than 
3% by weight. The latex sphere concentration in the processed 
solution was determined by dry weighing as well as by the use 
of the resistive pulse method.I0 

Antiserum containing anti-hSA antibody a t  a concentration 
of 9.6 mg/mL, as determined by precipitin analysis, was also 
kindly provided by Dr. Hager. Appropriate dilutions of this 
antibody were used as the combining agent in our studies after 
filtration through 0.2-fim Nucleopore filters obtained from Nu- 
clepore Corp. The aggregation experiments were performed at  
room temperature (24 h 2 "C) using as a diluent 0.1 M R i s  buffer 
a t  pH 8.15. The corresponding ionic strength of the medium 
produced a Debye shielding length of approximately 0.5 nm. 
Various dilutions of latex spheres were incubated with various 
dilutions of antibody promptly after dilution of the latter, thus 
initiating the aggregation process. The specificity of the reaction 
was checked by incubating hSA latex spheres with rabbit anti 
human chorionic gonadotropin (hCG) antibody and alternatively 
by incubating hCG-coated latex spheres with hSA antibody. In 
both cases no aggregation was observed for the latex sphere and 
antibody concentrations of interest for a period of up to 3 days. 
This was the maximum period of observation for all the samples 
studied in this work. 

(b) Method. The distribution of cluster sizes was measured 
with a resistive pulse analyzer.lOJ1 In our case, the experimental 
setup consisted of two 1-mL chambers separated by a poly- 
carbonate film of about 8-pm thickness that contained a single 
-2-pm-diameter pore. A pressure head of 10 cm H20 produces 
a flux of latex sphere aggregates across the pore. A constant- 
current source produces - 1.8 V across the pore. This served to  
measure the change in pore resistivity that is produced when an 
insulating latex sphere cluster as well as the ionic conducting 
solution medium passes through the pore. For clusters with linear 
dimensions smaller than the pore diameter there exists a 
linear relationship between the change in the voltage across the 
pore and the volume of the cluster in the pore. By accumulating 
the number of pulses in each channel of a pulse height analyzer, 
one can readily measure the cluster size distribution histogram. 
A more detailed account of this method is given el~ewhere.".'~ 

(c) Data Analysis. We are interested in experimentally ob- 
taining the quantity b defined in terms of the number fraction 
xlmXn of clusters and the weight fraction Xo = ClmnX,  in eq 
2. These two fractions can be determined quite readily by using 
the resistive pulse method. Suppose we measure in an unag- 
gregated sample N o  latex spheres traversing the sensing pore in 
a fixed time T (generally 200 9). This number .No is proportional 
to the weight fraction Xo of latex spheres in the sample: ,No = 
q'X@ Here q'is proportional to the rate of flow across the pore. 
If the aggregation is allowed to take place, clusters will form. Let 
A',, be the number of clusters containing n units that pass the 
pore in counting interval 2'. We also define as JV, the total number 
of clusters, regardless of size, that  pass the pore in interval T. 
Then by definition 

JV,= CJV, 
n = l  

(3) 

If, as is the case in our experiments,1° the clusters are smaller than 
the pore size and if they remain randomly dispersed despite the 
influence of gravity, then JV, will be proportional to the mole 
fraction X, of clusters of size n in the reaction mixture. That 
is, N ,  = q"X,, where q"is proportional to the rate of flow of the 
aggregating reaction mixture across the pore. Thus 
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m 

N ,  = q"CX, (4) 
1 

Generally the flow rate is unaffected by the aggregation so that 
q "  = q', and hence 

t X , / X , ,  = 5 N J N O  (5) 

Thus b is determined directly by measuring N ,  and N o  as 
b = 1 - N,/NO (6) 

In the regime b << 1, N , / N o  - 1, and any possible small variation 
in the flow rates q r  and q" can produce an error in the deter- 
mination of b. Thus for the cases in which b < 0.2 we determined 
both N ,  and .No for the aggregated sample. By definition N o  
= CnN,. For small b the N ,  distribution falls off very rapidly 
with increasing n, so that N o  can be computed accurately from 
the experimental histogram. In the regime b 5 0.5, N , / N o  be- 
comes much smaller than unity and henceforth b becomes rela- 
tively insensitive to possible small differences in the flow rates 
q'and q'! Also in this regime the N,'s fall off rather slowly with 
n so that N o  cannot be reliably found from CnN, .  Thus in this 
regime N o  was determined from the unaggregated sample and 
N ,  from the aggregated one. As a final consideration which affecta 
the accuracy with which the Nn's can be determined, we must 
mention the possibility of coincidences, i.e., two clusters in the 
pore simultaneously. The electronic detection system of our 
apparatus senses such a "coincidence" in either of two ways. Either 
the coincidence is counted as a particle having a mass equal to 
the sum of the masses of the two particles or the second particle 
is not detected at all. If V, is the fluid volume that pwes through 
the pore in the counting time T and if P is the average volume 
available to each particle in the solution, then the probability that 
n particles occupy the poTe durin time T is given by the Poisson 

Vp/ P was typically smaller than 0.03. Under these conditions 
the probability that two or more particles are to be focnd in the 
pore during time T is so small that the corresponding error in 
b due to such coincidences is less than 0.03. In addition, we 
developed a method to correct for coincidences, which further 
reduces errors in the determination of b. With this method we 
find that coincidences affect our determination of b only in the 
regime b < 0.1. Hence the error in b so produced is -10-20%. 

(a) Solution Ionic Strength ( I )  and pH. In all our ex- 
periments the solution pH was 8.15, corresponding to the pK of 
this buffer solution. Since no other than the buffer concentrations 
were present in solution, the ionic strength (0 of each solution 
was equal to half the molarity of the buffer concentration, viz., 
0.05 mol/L. 

Experimental Results 
The form of the cluster size distribution was studied as 

a function of the time t, the concentration of spheres in- 
itially added [C,], and [ab],, the concentration of antibo- 
dies initially added. It was found that the form of the 
distribution is determined entirely by the magnitude of 
the bonding parameter b, regardless of the particular 
choice of [C,], [ab],, and t. The distributions have the form 
given in eq 1. Different choices for [C,], [ab],, and t that  
produce the same b generate identical cluster size distri- 
butions. The present experiments permit us to determine 
the functional form for b = b([C,],[ab],,t). 

In Figure 1 we present a plot of b vs. the time for a series 
of agglutination reactions for which [C,] was constant and 
equal to  3 x 109/cm3 or [C,] z 0.5 X lo-" mol/L. Each 
b(t) curve corresponds to a different value of [ab]* In fact, 
[ab], is in the range 5 X lo-" I [able 5 78 X mol/L. 
In this range of [C,] and [ab],, b does not exceed -0.75. 
Each of the b ( t )  curves is of the form 

distribution P(n) = ( Vp/V)ne'VPI 8 /n! We arranged that the ratio 

b ( t )  = b,F(t) ( 7 4  
The detailed form of F(t) is not accurately determined in 
the data shown in Figure 1. However, over the time do- 
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Figure 1. Dependence of b on the time t for a reaction mixture 
in which [C,] = 3 X 10g/cm3 = 0.5 X lo-'' mol/L (I  = 0.05 mol/L, 
pH 8.15). The initial antibody concentration, [ab],,, is different 
for each curve: (0) [abo] = 7.8 X lo-'', (A) [abo] = 3.9 X lo-'', 
(a) [able = 1.95 x lo-',,, (a) [ab],, = 1.0 x and (x) [ab], = 
0.5 X mol/L. 

t 

ANTIBODY CONCENTRATION [ab], 

Figure 2. Asymptotic value of b (b,) vs. antibody concentration 
[ab], for a reaction mixture in which [C,] = 3 X 109/cm3 and I 
= 0.05 mol/L. The quantity [ab],,* is equal to 2.44 X lo-" mol/L. 

main shown, we can see that F ( t )  is a monotonic function 
of t with the following properties. 

F = y2 when t = 100 min = r1/2 for all [ab], 

F - 1 for t >> rl I2 (7b) 

F -, 0 for t << r l I2  

The dependence of b, on [ab], is shown in Figure 2. 
Here we plot b, vs. [ab], for a series of reactants for which 
[C,] = 3 X 109/cm3, I = 0.05 mol/L, and 5 X lo-" I [able 
I 78 X lo-" mol/L. Clearly, b, varies linearly with [able 
over the range of antibody concentration shown. For larger 
values of [ab],, however, b, is no longer linear in [ab],. 
Indeed b, shows a maximum as [ab], is increased beyond 
78 X 1O-I' mol/L. 

We also investigated the dependence of b on sphere 
concentration [ C,] for fixed antibody concentration. In 
Figure 3 we show b vs. [C,] for two fixed times and for [ab], 
= 3 X mol/L. I = 0.05 mol/L. These data show that 
b is independent of [C,] for both t >> r and t - 7. We 
conclude that in eq 7 the quantity b, is independent of 
[C,]. Thus, if we confine ourselves to  the regime of [ab], 
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Table I 
Physical Characterization of the Reaction Mixtures Studied in Figure 1 

m 

n = l  X,(t- .  = ) / X 0  
[ab],, mol/L X,, moliL Z = [ab],/X, b ,  b,/c Z ( t  -+ = V X 0  
0.5 X lo - ' '  0.5 X lo - ' '  10 0.04 0.4 X l o - '  0.96 

0. I 

1.0 x 0.5 X l o - "  20 
1.95 X lo - ' '  0.5 X l o - ' '  39 
3.9 x 10-'O 0.5 x l o - ' '  78 
7.8 X lo - ' '  0.5 X lo - ' '  156 

I I I I 

0.4 I T  

I - 1=975min 
A 4  

0 

0.3 t 

[ab], = [Cole + - 
In the second stage of the aggregation process the 

singly-bound bivalent antibodies on the diffusing spheres 
link to unoccupied antigenic sites on other spheres. For 
this stage we expect that  the probability of bonding be- 
tween individual spheres will be proportional to e(f - e). 

0.10 0.5 X 10.' 0.90 
0.23 0.59 X lo - '  0.71 
0.43 0.55 X l o - '  0.57 
0.72 0.46 X l o - *  0.28 

Thus qualitatively we expect that maximum bonding will 
occur under conditions in which ~ ( f  - e) is maximal. This 
occurs for e =I f/2. Under these conditions we can expect 
that b, is maximal. 

Using e = f/2 in eq 9, we obtain the following relation- 
ship between [ab]," and [C,], assuming chemical equilib- 
rium for the binding of antibody to the antigen-coated 
carrier particles: 

f 1  [abIom = [C,]- + - 
2 KO 

In our system we determined [abIom and [C,] and found 
a straight-line relationship between them over the following 
range in [C,]: 3.8 X 108/cm3 < [C,] < 9.6 X 109/cm3. From 
that data we deduced f = 2400 f 200. The value of l/Ko 
is very small; i.e., l/Ko 5 2 X mol/L. If one uses these 
values off and KO in eq 9 and applies this equation to the 
experimental data shown in Figures 1-3, one may draw the 
following conclusions. First, in all cases the second term 
in eq 9 can be neglected. That is, = [ablo/[C0]: essen- 
tially all the antibody is bound to the antigenic sites on 
the spheres. Second, in the case of minimal aggregation, 
such as that which occurs for the case b,  N 0.04, corre- 
sponding to the lowest of the b( t )  curves in Figure 1, e = 
[ab],/[C,] = 10. On the other hand, when b, = 0.72, 
corresponding to the most aggregation in Figure 1 or 2, e 
= 160. 

It is quite useful to characterize each of the reaction 
mixtures studies in Figure 1 in terms of e and b,. This 
is done in Table I. In column 1 of this table are listed the 
initial antibody concentrations [ab], for each curve in 
Figure 1. Column 2 lists the sphere concentration, and 
column 3 lists e, the mean number of initially bound an- 
tibodies per sphere that are presumably available for 
subsequent bridge formation between spheres. Column 
4 lists b,, the mean number of bridge-forming bonds 
achieved per sphere by the end of the reaction (deduced 
from the cluster size distributions using eq 2). Column 5 
shows that the fraction of initially bound antibodies that 
actually form bridges between spheres is only about 0.5% 
for all the reaction mixtures shown in Figure 1. If this 
fraction is the same for spheres in the interior of a cluster 
and spheres a t  the surface, it would appear that the re- 
action is stopping even though each surface sphere has 
nearly e antibodies still available for further bridge for- 
mation with other clusters. The striking fact that the 
reaction stops under conditions apparently favorable for 
further reaction will be discussed in the subsequent the- 
oretical section. In column 6 we list the fractional number 
of clusters Z / X o  = ClmX, ( t  >> T ~ , ~ ) / X ,  formed a t  the end 
of each of the reactions shown in Figure 1. Z = x I m X ,  
is the total mole fraction of clusters regardless of size. 
Column 6 shows that for the various reaction mixtures 
studied in Figure 1, the total final number of clusters is 
between 0.96 and 0.28 times the initial number of spheres. 

In the reaction mixtures described in Figures 1-3 the 
antibody and sphere concentrations were such that e is 
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formation. In these systems as well no subsequent break 
up of double bonds was observed over an observation 
period of 48 h. We must conclude from these observations 
that the process of cross-linking between spheres is irre- 
versible in our system. 

Theoretical Discussion 
We have not found in the extant literature a theory 

capable of fully explaining both the observed form of the 
cluster size distributions (eq 1) and the observed depen- 
dence of b upon [able, [C,], and the time t. 

If we apply the Flory-Stockmayer statistical analysis2V8 
to our RAfB2 system, the distribution that is predicted 
has the form15J6 

X, e-2nb(2nb)n-1 
(12) XO nn! 

This theoretical form, is distinctly different from that 
found experimentally. Moreover, it  predicts a sol-gel 
transition a t  b = a phenomenon that does not occur 
in our system. We believe that such a statistical analysis2-8 
is appropriate for distributions that are in thermal equi- 
l i b r i ~ m . ~  In the present case the experiments described 
above clearly indicate that our system is evolving under 
unidirectional kinetic control. We therefore take the un- 
idirectional Smoluchowski equations1-' as the starting 
point of our analysis, viz. 

_ -  - 

2 .o 

I .o 10 '~  

I I 
0 20 40 > 

TIME (min) 

Figure 4. Temporal evolution of the reciprocal of the total 
number of clusters for short times. In each experiment [C and 

[able = 6.25 X 10-9(2-Y) mol/L. y = 0, 1, 2, and 3, respectively, 
for the data indicated by 0, @, $, and 0.  

small compared to f .  We also studied, for short times, 
reaction kinetics under conditions in which the antibody 
concentration was raised to the level that [ab], = [ab]," 
for each sphere concentration used. In these experiments 
we measured the time dependence of the total mole frac- 
tion of clusters CX,(t) vs. the time for times smaller than 
r1 2. In Figure 4 we plot l /CC,(t)  vs. t for various values 
od[C,] and the corresponding [able". (Note C, = XJ6.02 
X 1020P, where P is the molar volume of water in liters/ 
mole.) For each of the four curves [C,] = 3 X 1Og(2-Y)/cm3 
and [able = 6.25 X 10-9(2-y) mol/L, with y = 0-3. Thus 
the ratio [ab],/[C,] is the same for all the mixtures. We 
observe that over the time domain studied, the plots of 
l/CC,(t) are linear in t and all have the same slope of 2.1 
X lo-" cm3/min = 1.26 X 1O'O L/(mol min) independent 
of [C,]. According to the definition of b 

[able, respectively, have the values [C,] = 3 X 109(2-Y)/cm 09 and 

m 

which, in the limit b << 1 becomes 
d "  1 db 
- ( l /CCn( t ) )  - - b << 1 ( I l b )  
d t  1 [Col d t  

We also examined the possible reversibility of the ag- 
gregation process in the following manner. We added a 
great excess of antibody. The concentration was -1 g/mol 
N 1.6 X mol/L. This is about 3 orders of magnitude 
greater than the concentration of all the antigenic sites 
f [Co] - 1.2 x mol/L. Under conditions of thermo- 
dynamic equilibrium, bridge formation and breakup would 
be occurring. Any broken bridge would be replaced by two 
singly-bonded antibodies under the conditions of high 
antibody concentration, and consequently in time the 
clusters would break up. When the saturation experiment 
was performed on systems in which b had reached its 
steady-state value, there was no observed break up of 
clusters whatever even though the reactions were studied 
over a period of 48 h, a time very long compared to the 
time constant rlJ2.  For reactions in which dbld t  # 0 the 
addition of excess antibody immediately stopped the 
progress of the reaction, presumably by binding to all the 
antigenic sites and preventing any further double-bond 

The form of the solutions of these equations is determined 
by the dependence of the bimolecular reaction rate coef- 
ficients ann, upon n and n'. In principle we need a mi- 
croscopic theory for this bimolecular reaction rate coef- 
ficient: a theory that takes into account the fact that after 
the prompt binding of antibodies, each sphere has a 
Poisson distribution of antibodies potentially available for 
bridge-forming bonds. In the absence of a microscopic 
theory appropriate for our system of slowly diffusing 
spheres, each having a distribution of reactive sites, we 
proceed in a heuristic fashion to search for a structure of 
the ann, that is consistent with our experimental findings. 
Taking this point of view, we have observed previousl~'0~12 
that if ann, = B(n + n'), then the predicted cluster size 
distributions have the same dependence upon b and n as 
is found experimentally. 

Using this form for ann,, we can use the Smoluchowski 
equations to obtain the time dependence of b. Indeed 
inserting ann, = B(n + n? into eq 13 and summing over all 
n, we obtain the following equation17 for b( t ) :  

db/dt = B ( l  - b)[Co] (14) 

According to this equation, if B is independent of the time, 
b asymptotically always approaches unity with a time 
constant T = l/BICo]. Our experimental data show, how- 
ever, that the final steady-state value of b is not unity but 
is a quantity proportional to [able and independent of [C,]. 
Moreover, the data in Figure 3, while not conclusive, 
suggest that  the reaction time r1I2 found experimentally 
may be independent of [Co]. 

To account for these effects we propose to consider more 
carefully the implicit assumption that B is a constant. 
Physically B is a measure of the probability that a single 
sphere on one cluster will react with another sphere on a 
different cluster. Thus we can expect crudely that 

B = f i E g  (15) 
is the mean number of singly-bound antibodies on Here 
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a sphere, and g is the mean number of complementary 
unbound antigenic sites on another reacting sphere. p is 
assumed to be a constant of proportionality. If B is in- 
dependent of the time, the final steady-state value of b is 
always unity. The equation for b(t) can produce asymp- 
totic values for b(t -+ a) less than unity provided that E 
is time dependent. This can occur if the average number 
8 of potential bridge-forming antibodies decreases with the 
time. There is, in fact, a possible mechanism for this 
inactivation process: namely, the binding of the second 
arm of the antibody to another antigen on the surface of 
its own sphere. Indeed the mean separation 1 of antigens 
on the surface of each sphere of radius Ro containing f 
antigens is 1 = Ro/(f/4a)1/z. Since our spheres have Ro zz 
1170 A and f = 2400, it follows that 1 - 80 A. This spacing 
is quite comparable to separation ( -  100 A) between the 
active sites on the arms of our bivalent antibody. Thus, 
it  is possible that, following the binding of one arm, the 
second arm subsequently binds to the same sphere with 
a characteristic time constant 7A, thereby producing an 
inactivation of the potential bridge-forming antibodies. 
According to this mechanism, we may model the time 
dependence of 8 as 

e(t) = 8oe-t/TA (164 

80 = [ablo/[Col (16b) 

is the mean number of antibodies initially singly bound 
to each sphere. In effect this proposed mechanism is de- 
signed to explain why the reaction stops: the number of 
bridge-forming antibodies does not remain fixed a t  its 
initial value of [abIo/[Co] but decays with a time constant 
7 A  independent of both the sphere and antibody concen- 
tration. 

According to this model, the quantity g in eq 15 can be 
related to 8 as follows. Since Po - 8 ( t )  is the number of 
antibodies that connect to two antigenic sites on a single 
sphere, the mean number g of antigenic sites available for 
cross-linking is g = f - B - 2(e, - 8 ( t ) ) .  Thus 

g = f - 280 + e ( t )  (164 
In the absence of this inactivation mechanism, g = f - eo. 

We now examine the consequences of this model for the 
structure of B(t )  in the two experimental regimes studied 
above: case 1, 8 << f ;  and case 2, E - f/2. 

Case 1: When 8 << f, we find using eq 15 and 16a-c that 
eq 14 take the form 

Here 

db zz ( k)e-t/rA(l - b) 

where 
1 / 7 R  Pf[ablO (17b) 

The solution of (17a) under the initial condition b(t - 0) 
= 0 is 

(18) 
According to this equation, when t >> 7A, b approaches the 
asymptotic value b,  given by 

b(t) = 1 - eXp[( -7~/7~)(1  - 

b = 1 - e-rA/TR (19) 
Observe that for b, << 1, i.e., 7~/7p,  << 1, b, TA/TR. Thus 
we have the following expression for b, in terms of the two 
theoretical parameters and 7A: 

b, = Pf~,[ab], (20) 
b, << 1 
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We can obtain a second independent equation for p and 
by considering the initial slope of the b(t) curves. Again 

if b, << 1, and t/7A << 1, eq 18 reduces to the form b(t) = 
t/TR; thus we have 

db/dt Pf[abIo (21) 

for 7 A / 7 R  << 1, t/7A << 1. From experimental measure- 
ments of both b, and db/dt in the limits indicated, the 
data should permit the separate determination of P and 

We may now compare our theory to the experimental 
results found previously to check the predicted functional 
form for b, and (dbldt),, and to deduce the numerical 
values of the two parameters p and rk By estimating the 
initial slope of the data shown in Figure 1, we find ap- 
proximately that 

7A* 

for t/7A << 1 and b, << 1. According to the theoretical 
result, eq 21, the quantity on the right-hand side of eq 22 
is equal to the constant pf. Using f = 2400, we deduce the 
numerical value of p as 

(23) 

Turning now to the experimental values of b,, we ob- 
serve that b, = y[abIo, where y = 0.91 X lo9 L/mol. This 
finding is in agreement with the predicted form in eq 20. 
Indeed according to  this equation 

4.2 X lo3 L/(mol min) 

y = P f 7 A  
Since Pf = (l/[ab]o)(db’/dt),,, from eq 21, we can obtain 
7 A  numerically as 

7 A  = Y/ [(I  / [ablo)(db/dt)t-ol 

7 A  = [0.91 x io9 L/mol]/[lO x IO6 L/(mol min)] 

(244  

or 

Thus 

7 A  = 90 min (24b) 
We now turn to an analysis of our findings for b(t) in 

the regime in which 8, is not small compared to f ,  i.e., case 
2 above. (Notice that the number of antibodies initially 
bound to each sphere cannot exceed f.) We can solve eq 
14 wing eq 15 and 16a-c, for arbitrary 0 5 eo I f, to obtain 
the following general result for the time dependence of b: 

From this result it follows that b, is 

b, = 1 - exp[-P[Col7~eo(f - 3/280)] (26) 
Thus, this kinetic analysis implies that b, varies linearly 
with [able provided that eo << f .  Upon increasing c0, 
however, b, takes on a maximum value and then decreases 
because of the factor eolf- (3/2)q,]. Indeed, according to 
this kinetic analysis, b, takes on its maximum value when 
go I eom = f / 3 .  It  will be noted that the equilibrium 
analysis as discussed above predicts that b, will be max- 
imized when 8 = f/2. Thus, according to the unidirectional 
kinetic theory, i t  is possible that f = 3600 for our system. 
Despite this possibility, for the purposes of discussion, we 
shall retain the value f = 2400 estimated from our data 
using the equilibrium theory (eq 10). 



440 von Schulthess, Benedek, and De Blois 

For short times, as was the case for the data in Figure 
4, b(t) is linear in t and according to eq 25, b(t) has the 
form 

b(t) = P[Coleo(f - eo)t (27d 
The data in Figure 4 were obtained for values of the an- 
tibody concentration that maximized b,. This implies &, 
= f / 3  for this kinetically controlled system. Using this 
value of Eo in eq 27a gives 

b(t) = (2/9)Pf[C,lt (27b) 
We now compare this prediction with the experimental 

findings of Figure 4. First we observe that for the earliest 
times shown in the figure, Le., -4-5 min, b is not negligibly 
small but is in fact about 0.175. Thus it is difficult to assess 
accurately db/dt in the limit b - 0. We can proceed 
crudely by using the t = 0 intercept for l/[Co] and the first 
point a t  t - 4-5 min. According to this and using eq l l a ,  
we find that (l/[C,])(db/dt) = (1 - b)2[d(l/CC,(t))/dt] 
g (0.825)2(1.26 X lo-’,) N 0.85 X lo-’, L/(mol rnin). With 
this crude estimate for l/[C,](db/dt) we can estimate P 
using eq 27 
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in substantial agreement with the experimental findings 
reported here. 

It remains to be seen how one can justify on a micro- 
scopic level the assumed structure for ann, (eq 30a). The 
dependence on n and n’ in the form n + n’ is known to be 
valid for monomers of the form with only A-B 
bonds allowed. However, in our system the monomer units 
have a very different form, being of the BaA, type. Here 
e is a random variable distributed according to Poisson 
statistics around a value I?, which in our experiments is in 
the range 10-150 and was also as large as 1200. It is by 
no means clear how such a system of monomer units can 
produce a bimolecular reaction rate coefficient that varies 
with n, n’, and e as proposed in eq 30a. 

Second we need some independent binding experiments 
to more directly investigate our assumptions that the 
bridge-forming antibodies are becoming inactivated in time 
in accordance with eq 30b. 

Finally, it is important to test much more accurately 
than is possible with the present data the precise temporal 
evolution of b over a wider range of the parameters [ab], 
and [C,]. 
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